Abstract. We consider boundedness properties of oscillatory singular integrals on L p and Hardy spaces. By constructing a phase function, we prove that H 1 boundedness may fail while L p boundedness holds for all p ∈ (1, ∞). This shows that the L p theory and H 1 theory for such operators are fundamentally different. §1. Introduction 
Such operators are called oscillatory singular integral operators and have been studied extensively ( [2] , [3] , [6] , [9] , [10] , [12] ). If Φ is sufficiently smooth and Φ (k) (0) = 0 for some k > 1, then the L p and H 1 boundedness of T λ is well-known ( [13] , [6] , [7] ).
Theorem A. Suppose Φ is sufficiently smooth and Φ (k) (0) = 0 for some k > 1; then T λ are uniformly bounded on L p (R) (1 < p < ∞) and H 1 (R). Theorem D. Suppose Φ(0) = Φ (0) = 0 and
To give an example of Φ which has vanishing derivatives at t = 0 but satisfies (2) and (3), we cite the function Φ(t) = e −4/t 2 . We point out that condition (3) is strictly stronger than condition (2) . By using interpolation and Theorem B, it is easy to see that (2) is a necessary condition for the uniform H 1 boundedness of T λ (when Φ is even and convex). In light of Theorem C, it seems reasonable to speculate that (2) may also be a sufficient condition for the uniform H 1 boundedness of T λ . This turns out to be false. The purpose of this paper is to construct an even, convex function Φ which satisfies (2) such that the corresponding T λ 's are not uniformly bounded on H 1 (R).
Theorem E. There exists a function Φ which is even and satisfies (i)
for 1 < p < ∞, and
], where C is some positive constant.
Define
For t ≤ 0 we let Φ(t) = Φ(−t). Therefore we have Φ ∈ C 2 ([−1, 1]), Φ(0) = Φ (0) = 0, and Φ (t) > 0 for t = 0. Let T λ be given by (1) . The following result can be found in [14] . 
for t ≥ 0. Therefore (8) follows from Theorem C.
Proposition 2. Let a(x) be a function defined on [−δ, δ] and satisfying a
for some C which is independent of a and λ.
Proof.
By Proposition 1 and Hölder's inequality, we have
For I 2 we have
Therefore, (9) holds.
We now prove Theorem E. Let N be a large integer and λ = 2
Therefore, for −N/3 ≤ k ≤ −1,
2k ·y a N (y)dy − Cλ · 2 6k = 2 ln(14/9)(2N/3 + 2k + 1)
where we used (7). Hence we obtain License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
